The current measurement of muonic g − 2 disagrees with the theoretical calculation by about 3 standard deviations. Hadronic vacuum polarization (HVP) and hadronic light by light (HLbL) are the two types of processes that contribute most to the theoretical uncertainty. The current value for HLbL is still given by models. I will describe results from a first-principles lattice calculation with a 139 MeV pion in a box of 5.5 fm extent. Our current numerical strategies, including noise reduction techniques, evaluating the HLbL amplitude at zero external momentum transfer, and important remaining challenges, in particular those associated with finite volume effects, will be discussed.
Introduction
The anomalous magnetic moment of muon, a µ , can be defined in terms of the photon-muon vertex function:
where F 1 (q 2 = 0) = 1, F 2 (q 2 = 0) = (g µ − 2)/2 ≡ a µ , q = p ′ − p. The formula is written in a Euclidean gamma matrix convention, [γ µ , γ ν ] = δ µ,ν . Its value has been measured very precisely by BNL E821 [3] . It can also be calculated theoretically to great precision [8] . The three standard deviation (287 ± 80) × 10 −11 difference between experiment and theory makes muon g − 2 a very interesting quantity. Much more accurate experiments, Fermilab E989 [11] and J-PARC E34 [14] , are expected to start in a few years, so a more accurate theoretical determination will be necessary. Figure 1 shows the two diagrams that are the major sources of the theoretical uncertainty. In this paper, we will only discuss the lattice calculation of connected hadronic light-by-light amplitude. Previously this quantity has only been calculated using models [15] . Attempts using lattice QCD were begun by T. Blum, M. Hayakawa, and T. Izubuchi more than 5 years ago [12, 6] . We have improved the methodology dramatically, as described in Ref [13, 7] , which leads to a reduction in statistical errors by more than an order of magnitude. Since much of the material that was presented at LATTICE 2015 has now appeared in a long paper [7] , this proceedings is devoted to an expanded discussion of three topics that were only briefly presented during the conference: a) The sampling strategy that concentrated the result on the more easily evaluated, short distance region in position space. b) A new proposal to perform the QCD and QED portions of the HLbL calculation in different space-time volumes and c) First numerical results from a physical-quarkmass, 48 3 × 96 study.
Sampling Strategy
We start the discussion by repeating our final formula for evaluating the light-by-light contribution to F 2 (q 2 = 0) obtained in Refs [13, 7] .
and the weight function "Z" is defined below but could be replaced by 1. The integration variables are related to the coordinates in Figure 2 by the following equations: The amplitude F ν x, y, z, x op is given by:
where e u /e = 2/3, e d /e = e s /e = −1/3. We perform the sum over r = x − y by sampling a few values on each QCD configuration and use point source propagators at x and y. The sum overx op can be performed as a sequential source, z is summed over as a sink. Since x and y are connected by quark lines, it can be expected that the major contribution to g − 2 comes from the region where r is small. We accommodate this by using importance sampling, that is we sample the small r region more often, then divide the sample result by the probability. We even perform a complete sum, up to discrete symmetries, in the region where r r max . r max is usually chosen to be 5 in lattice units in our numerical simulations.
In our primary calculation we choose Z(x, y, z) to be given by
This choice of Z restricts the summation region for z, in such a way as to suppress the contribution from the large r region. This way, the connected π 0 exchange contribution would be completely captured by the small r region if we sum up to the size of the pion, instead of the Compton wave length of the pion. We may also try the opposite of this choice, which can provide more information about QCD finite-volume effects, and the size of the long-distance π 0 -exchange contribtion to the light-by-light process:
With this choice, in the large r region, most of the contribution should come from the connected π 0 exchange. How rapidly this contribution decays could give us a hint about the size of the QCD finite-volume effect, which comes from the quark propagators evaluated within the finite size lattice.
QCD Box Inside a Larger QED Box
The QCD finite volume effects are exponentially suppressed in the linear size of the lattice volume times m π , the energy of lowest energy eigen-state of QCD. There are also QED finite volume effects, which are caused by the photon and the muon propagators being evaluated within that finite volume, and the summations over x src , x snk , x ′ , y ′ , z ′ being controlled to lie within that finite volume. Because the photon is massless, the QED finite volume effects are power like, similar to many other lattice calculations involving QED. In this particular case, these QED finite volume effects scale like 1/L 2 as discussed in Ref [13, 7] . These QED finite volume effects can be reduced by evaluating the photon and muon propagators and performing the summation over x src , x snk , x ′ , y ′ , z ′ in Eq. (2.3) in a larger volume compared to that in which the QCD part of the calculation is performed. We refer to the former as the QED box and the latter as the QCD box, see Figure 3 . With our current light-by-light evaluation strategy, the computations for the quark and the muon propagators are almost independent. We can compute the light-by-light process for a few different QED boxes without recomputing the quark part. One can then extrapolate to infinite volume based on these results from different QED boxes. Since the quark part is the same, we expect there will exist strong correlations between these results, which would benefit the extrapolation. In principle, one could evaluate the muon and photon propagators using the continuum formulae and perform the coordinate-space QED summation in infinite volume directly, thus completely eliminating this O(1/L 2 ) finite volume effect. In fact, this is exactly the strategy for the HVP calculation, where the usual approach [4] can be viewed as substituting the finite-volume result for Π(q 2 ) into one-or two-loop QED calculations performed in infinite volume. At this point, one can see that computing the QED part of the diagram in a larger, possibly infinite, QED box is a quite general idea, and could be applied in many (but not necessarily all) other lattice QCD calculations involving QED. In some cases, like the QED mass-splittings, all one may need to evaluate is the photon propagator in infinite volume. Christoph Lehner talks about this in greater details in his talk at LATTICE 2015. As discussed above, the finite volume effects of the light-by-light calculation come from two sources. One source is the quark loop is evaluated using a finite QCD box, which is exponentially suppressed in the size of the QCD box. The other source is the photon and muon propagators evaluated in the QED box, which scales like 1/L 2 as discussed in Ref [13, 7] . Here, we the strategy of making the QED box larger than QCD box by a calculation in 16 3 and 24 3 lattice volumes [1, 2] We can see that by using only a larger QED lattice, the major part of the finite-volume effects have been removed. However the disagreement between the results shown in the 2nd and 3rd lines of Table 1 implies that a 16 3 lattice with a spatial extent of 1.8fm is not large enough to entirely suppress the QCD finite volume effect. This can be seen from the right plot of Figure 4 . In the small r region, where we control the QCD finite volume effects. the result from the 16I QCD/24 QED calculation agrees very well with 24I. However, as |r| becomes larger, the quark loop evaluated in 16I is affected by the boundary and begins to deviate from the 24I results. Note because we use periodic boundary conditions for the quark propagators, the maximum spatial separation between source and sink in any direction is 8 for quark propagators on the 16I lattice.
Physical Pion Mass 48 3 Lattice Simulation
Here we report on our ongoing numerical study, being done in a larger collaboration, on a 48 3 lattice with a physical pion mass, and a spatial extent of 5.5fm [5] . The computation has so far been completed on 30 configurations separated by 40 MD time units. The AMA [9] technique is used to reduce the statistical error. The small AMA correction term is given in Table 2 with the label AMA, and has already been added to the total contribution listed in the table. We also plot the histograms in Figure 5 , which just contain results from the imprecise solves.
Ensemble QCD Size QED Size t snk − t src [5] 48 3 
The results for the two different time separations are quite close suggesting that the effect of excited states is under control. Based on our finite volume and finite lattice spacing in our pure QED simulations in Ref [13, 7] , we would estimate the above result could have 20% discretization errors and significant finite volume errors. As a result, the infinite volume, continuum value for the connected light-by-light contribution could be twice as large as this value. However, the disconnected light-by-light diagrams may contribute negatively and cancel part of the above enhancement. The plot on the right of Figure 5 suggest that the QCD finite volume effects will likely to be small, because it seems that the contribution vanishes rather quickly at |r| ∼ 10, much smaller than 24, which is half of the spatial size of the lattice. However, more statistics are needed to draw a firm conclusion.
Conclusions and Acknowledgments
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